











































































































Submanifold theory

Goal Generalize the classical theory for surfaces in B
to submanifolds 2k E M 9 Riemmanifold

d

Def An isometric immersion F Ek h M g

is an immersion as manifolds St F g h

As far as local aspects are conceived we can regard

Ike M g and 812 inducedmetqgm.ge
as a k devil
embedded submfd

y
T Ey

FundThin
Note Ek 81g Riemmfduyfz.fr 7 Riemconnection

on E
Q How are the connections FM and TE related

Recall 7 canonical orthogonal splitting at each pG E

TPM Tp2 ppg
1 w rt 9

normalbundle NpE
u b

v ut t v

µ
i f'M

9

1hm Let X Y E T TE Then

DEY Tf F
T where I T cTCTM are extensions

of X Y s.t.IT e
X.F Y



Recall Isometric immersion F MK g ht 5 sit F g g

ie gapdFpCv depew 9p v w

Locally immersions are embedding Mk F M E M

Setup Mk E NT g submanifold KEN

Npm Tpm
TpM

k
Lestion

How do study the

Tprt intrinsic extrinsic geometry

of M

Crucial observation At p e M there is an

orthogonalsplitting TpM Tpm Tpmt
wrat g

Notation N M a II Tpm
t

normal bundle
PEM

orthogonal decomposition V VT t N fpe M
i p a

TpM Tpm Npm

Note g restricts to an innerproduct on each Tpm E tpm g
write g gITM mrs Mk g Riem manifold

By FundThin of RG 7 Riem connection T for Mkg

Q How is T related to the ambient Riem connection F on CMT g



Recall T TCTM xTCTM TCTM

T THE Ttm puny

At

Propi Let X Y E TCTM and I T C Ttm be extensions of X Y

THEN
y Y J T T

Remarks JgF p dependsonly on Fcp X p

and I along any curve 8 CEE NT Et Tw p Vico _Xcp

we can make T E M where I Y on M

RHS is indep of the choice ofextensions I T

PIF check RHS defines a connection which is metric compatible
free

and torsion then result follows by uniqueness part

of Fund Thm of RG

i X Y n 5 4 IT bilinear

ii Ff Y
T

f J y
T
f j ygT

Connection

iii 5 44 X f Y t f c
T

XCf Y t f 5 4

Civ 2 skin I g Iii g FEI Y 154 TE'T

g FEET Y six EFT compatible

cu FET
t

CHIT J T 5,55 CE T 5 torsion
free

X y 5 e CxY
is



Q what about the normal part of J

Def't n 2ndfundamental form of M in MFT

A TCTM x TCTM TCNM

A IX Y F F
N

Remark This is well defined indexof the extensions I T

t X YET TmLemma i A ix y ACY X V f G M

Ii Alf X Y A X FY f A IX Y

ie A is a symmetric NM valued 0,27 tensor

Proof cis Acxic Acy x Fy'T FYI
JET Fix CE T

N
Exit 0

Because X Y CTCTM TX iceTCTM

Ciii Acf x y Jj T f TE'T f Fy'T
N
fAcx Y

D

Fix M E T NM cthen we can define a scalar valued 2nd f f Carty

Ag TCTM xTCTM TIM

Aycxic LACX.tl y
This is a symmetric bihhew form on eachTpm

shapeoperator1linear
nm Ag X Y LSylx Y Weingartenmap

algebra
where Sy Tpm Tpm is self adjointoperator



Prop sq X Fyn FE.azrmnt
Proof Sq X Y AyCX Y L A IX Y y

L J F
N

y L J T y y
V x.to MTM

X LY 72 CY 5 2 LY 5 757
O b

Question

Ft g runs connection F runs curvature II
UI relatedI d relation
Mkg nm connection T mrs curvature R

Answer Rt and R are related via the 2nd f f A or Sy

They will be expressed in terms of 3
sets of constraint equations

called Gauss Codazzi Ricci equations

Before we State these equations we need some preliminary notions

1211 Connection curvature on normal bundle NM

7 Connection Tt on NM defined as

ft TCTM x T NM T NM
Ex This is a

Ttx7 5 7
N connection

nm normal Rt ix y n TtyO'In 74047 Ttxyg7Curvature



III Covariant derivative of 2nd f f A

fix 4 ET NM then

AyCx Y L A IX Y 77 A X Y y
m regard A T TM xTCTM x T NM CTM

Define V X Y 2 ETCTM VM E T NM

DZA x 4 7 2 Acxicip A OzX Y 7

A x TzY 7 A ix Y TI't

1hm ConstraintEquations for isometric immersions

The following equations hold for ME M F

V X Y Z W E TCTM VM ET NM we have

Gauss RTXY Z W R CXY Z W LACY w A IX Z

T T t CA X w ACT 2 7

Ricci B x Y n 3 Rtcx c y s t LCsgSg x Y
N N

commutator

SyoSg SySy

Codazzi Rt X Y Z 7 OYA X Z y TxA CY 2 7
I N

I wof 7 orthogonalsplitting TNT TM NM



i tangentto M
Proof Recall Fx's 7 4 ALKY

normalto as

B x YI 2 a FyTx 2 FxTy2 t Tex ez

Ty 7 2 1 ACx 2 Tx Et x ACY 2

Toxic Z t ACCX.tl Z

Ty7 2 ACY 0 7 Ty A IX 2I

7 97 A X T.it Tx Acta

Toxic Z t ACCX.tl Z

R Xi 2 ACY 7 2 A IXT.cz tACCx.YI 7

Ty A exit Fx ANZ

Taking inner productwith a tangential W C TCTM

FIXX 2 w R X Y Z W LFycacx.es W TxLAMEDin

R X X Z W LACX21 Jyw CAN Z Txw

G
R XM 2 W LA ix 21 FyWB t CAN z w5
R X Y Z W CA X Z ACYw LACY27 A ix W

Taking inner productwith a normal y C T NM

R'CXY Z 7 ACY 0 2,77 AH T.it 7 t Alexie 7,7
Ty A ix217,22 LTI ANZ y



Ncte Fy Atx 2 77

I L

R'CX t 7,7 ACY 0 7,77 AlX 2,7t A 040 7,7
x A ix 2 747

Codaji XCACY.z.nl t ACY 2 Tty
TyA ix 7,7 AA Y 2 2

Recall 8 7 Sy X 847

BCx c Y F In FxFyn Tex can
I l squat 047 5 1 Syon1047

Sylexia Texian
Tangential terms

Fy Sq x Tx Syco

of a'In often Ixion
Taking inner productwith a normal ETCNM

picnic 7.37 424 417,37
L Fy Sqlx s Tx Syco s



Note L fJy Sylx s L 5 91 1 s

s I ssqcxi.G.io
0

LSyCx1

SgCY17RCXiY.n
3 cRtCx.Y1y 37tcSqlx1 SyC'a

Ricci Sylt Sycx
Rtx c y s asyosy SogoSpex t

D

SeveralRemarkse

1 In codimension 1 ie hypersurface the Ricci equation

is trivial

Rayson codim I NM is 1 dim'd 3 5 7

Ricci R cx.Y.n.nl Rtx c 7 y LCsgSy cx1 t

O O IO

2 The unit sphere ECB gend has KE 1

N outward
aunt

pf from S ER
y I position vector

In 5 5 X Spix X

ie Ag X Y Spex Y LX if



Gauss R XM 2 w R exit 2 W LACY w A IX Z

I O t CA IX w ACT 2

Bn is flat

RSIX.ec 2 w LY w X 27 X w 4.27

ie K's 1
is

Ciii If M C CM757 codim 1 and CNT 5 has constant

sectional curvature then for Y unit normal Cwcally

Codazziee't c Tx Sga Ty Spex Sylcxia

EI Prove this

Summary8 Submanifold MKE Mtng JIM S

study Mkg from two perspectives intrinsic OR extrinsic

Roughlyspeaking TpM TPM Tpm
t

differentt g
nm T JT JN

r g a
Riemann Riemann 2nd f f A IXY i 54 N

onCri5 on Mes Equivalently Sy
7CThem

X 525
differentgenre

3 constrainteq1
NoteCA Xi y CSqCx Y



Gaius picnic E w RexY Z W LACY w Aix 2 I

1 LA CX w A CY 2 77

Codazzi picnicE y TyA x 2,4 TxA CY2,7

Ricci I cxic 7 5 LR'Tx 417,3 LCsgSg 1 1.47

Consider the special case of M c 1133Sead

Fix p E M T TPM ETPR J Spanfeeez o N B

R Ei Ez Ei Ez RCee ez e Ez CA ez ez Acec.ec

3 is flat t CACe ez Alex ee

O Riz AzzAi AT my
GaussGoldenTheorem

ie Riaz AnAu AI det AaAf k Gan'scurvature

Def'd MKE Mn.gg is totallygeodesic if A Io at everyp E M

EI IR Sena 8
du totallygeodesic

I hypersurface

17
R a 8
totallygeodesic
hypersurface

Kp Mh E Mt g totally every geodesics in M

Geodesic are geodesics in NT

Pf For any smooth arme Y I M NoteGeodesics in A
lyinginside M

Fy y FyZ'T t FyY
N

are always geodesic in M

Ty Y Air
Io
totally
geodesic b






